
E L E C T R O M A G N E T I C  D I S T U R B A N C E  C A U S E D  BY E X P A N D I N G  

I D E A L L Y  C O N D U C T I N G  S P H E R E  IN A M A G N E T I C  F I E L D  

V. K. B o d u l i n s k i i  a n d  Y u .  A.  M e d v e d e v  

We examine the e lectromagnet ic  disturbance which occurs  during linear expansion of an ideally con- 
ducting sphere in an external  homogeneous magnetic field for  velocit ies comparable with the speed of light. 
We examine the field transi t ion into the static regime after  the sphere stops. 

1. The problem of the e lectromagnet ic  fields which develop during rapid expansion of an ideally con- 
ducting sphere in a homogeneous magnetic field was studied in [1], where an erroneous resul t  was ob- 
tained (the solution does not satisfy the basic  Maxwell equations). This r emark  also applies to the resul ts  
presented in [1] for  a pulsating sphere.  

Assume that an ideally conducting sphere whose center  coincides with the center  of the spherical  
coordinate sys tem expands following the linear law a =vt (a is the sphere radius) in an external uniform 
magnetic field H 0 directed along the z axis. 

The e lec t r ic  field E and magnetic field H satisfy the equations 

i OE i OH 
rotH~ c Ot ' r ~  divH=0 (1.1) 

By vir tue of problem symmetry ,  the field is independent of the angle ~, and the magnetic field has 
nonzero components H r (r, ~, t) and H~(r, ~, t), while the e lec t r ic  field has only Er  ~, t). 

The sys tem of equations (1.1) must  be supplemented by boundary and initial conditions. It is c lear  
f rom the problem formulat ion that at the initial t ime 

/ / r  (r, 8,  0) --~ Ho cos~, Ha(r, ~, O) ~ --Ho sin~, E~ (r, 8,  0) ~ 0 

In accordance  with [2] the boundary condition at the sphere surface must  have the form 

(E + c -1 iv, I{])r= a ~ 0 

or in t e rms  of the components 

E~ (a, 8, t) + a'e-lHg(a, ~, t) --~ 0 

The angular dependence in (1.1), (1.2), (1.4) separates  if we set 

H r (r, 8, t) ~ Cos~ H r (r, t), 

after  which we obtain the problem 

HaO" , ~, t ) = - - s i n ~ H g ( r ,  t), E~(r, ~, t) =sin~E~(r, t), 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

[ O (rHa) lt,, I 0E~ 2E~ I 0Hr i 0 (1.6) 
r Or r c Ot ' r - -  c Ot ' H a ~  2r Or (r~Hr) 
I - [ r ( r ,O) :H~(r .  O)=Ho,  E~(r, 0 ) = 0 ,  E~(a,  t ) - -a 'c - lH~(a ,  t ) = O  (1.7) 

2. Let us examine the solution of (1.6), (1.7) in the region 

D =  (a (t) ~< r ~ ZO, t~O} 
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F r o m  (1.6) we have  

O~Hr 4 OH r I 02Hr 
Or ~ + T  77-r - -~-  7 ~ - = 0  (2.1) 

We s h a l l  s e e k  the  so lu t ion  of (2.1), r e g u l a r  at  in f in i ty  and s a t i s f y i n g  the  r a d i a t i o n  p r i n c i p l e ,  by  s e p a r a t i n g  
the  s e l f - s i m i l a r  p a r a m e t e r  - the  m e t h o d  u s e d  in [3]. 

a b l e s  
The  so lu t ion  of (2.1) m u s t  have  the  f o r m  of a d i v e r g i n g  wave;  t h e r e f o r e ,  we c o n v e r t  to the  new v a r i -  

9 ----- r, r : t -- r / c (2.2) 

A f t e r  which  (2.1) t a k e s  the  f o r m  

In t h i s  p r o b l e m  t h e r e  a r e  t h r e e  i ndependen t  s i m i l a r i t y  c r i t e r i a :  Hr /H0,  /7 = v / c ,  x = c ~ / p .  
on the  b a s i s  of the  7 r - theorem [4], t he  so lu t ion  of (2.3) can  be  w r i t t e n  in the  f o r m  

OZHr 2 02Hr 4 OH r 4 0 H r  
- -c0~-gT+ ~ co --  cp 0~ = 0  (2.3) 

T h e r e f o r e ,  

or, since fi =const, 

H r / H0---- ] (~, x) (2.4) 

/G (P, ~) = ~/0 ~F (z) 

guT" d~F 
(~+2~)  d--~r- 2(~+ l) 2 7 = 0  (2.5) 

F o r  q~ (x) we ob ta in  f r o m  (2.3) 

hav ing  the  so lu t i on  
(x)-~- A (x ~ ~ 3 x  2 ) ~ B  

(2.6) 

w h e r e  A and B a r e  c o n s t a n t s  of i n t e g r a t i o n .  

R e t u r n i n g  in (2.6) to  the  o r i g i n a l  v a r i a b l e s ,  we ob ta in  

t ) =  Ho {A F[ct__ r 3 . I c t - -  r ~-I 1 Hr  (r, L{--F--) + 3 \ - 7 - - )  ] + B~ (2.7) 

Subs t i tu t ing  (2.7) in to  (1.6), we o b t a i n  

r , c , - - r  /i'~(r, t )=  Ho~-7-I_t'--;-- ) +3  r (2.9) 

The  c o n s t a n t s  l and B a r e  found f r o m  the  cond i t i ons  (1.7): 

A = - -2~  a (1 - -  ~)-2 (t ~- 2~) -1, B = t (2.10) 

We w r i t e  the  so lu t ion :  

Hr(r ,  ~, t ) = H o c o s ~ I I - - 2 F ( ~ ) ~ l  (ct 
. [[vt - -  ~r , s 

-rJLt---7- ) +,~ \ - - ~ )  jj- 
vt  - -  13r ~ . o ^ / ' v t  - -  3 r  2 . ~  - -  3r~]1 H~(r, '0',t)=--Ho3ing'{l-;r-F(~)Tl(ct--r)[~r~t ) - t - 4 1 ~ \ ~  ) -I-o~$ k,~)jj- ( 2 . 1 1 )  

�9 v t  - -  ~ r  '2 v t  - -  ~ r ~  

H e r e  ~ ( e t - r )  i s  the  unit  func t ion .  

We can  s e e  by  d i r e c t  s u b s t i t u t i o n  tha t  the  e x p r e s s i o n s  (2.11) fo r  the  f i e l d s  s a t i s f y  t he  M a xw e l l  e q u a -  
t i ons  and the  b o u n d a r y  and i n i t i a l  c o n d i t i o n s .  

3. The  r e s u l t s  ob t a ined  m a y  be  of i n t e r e s t  in p r o b l e m s  of r a p i d  d e v e l o p m e n t  of  a conduc t ing  r e g i o n  
in e x t e r n a l  f i e l d s ,  f o r  e x a m p l e ,  in e x a m i n i n g  e l e e t r o d y n a m i o  e f f e c t s  a c c o m p a n y i n g  the  e x p a n s i o n s  of the  
shook  wave  of a l ight  s p a r k  in a i a s e r  b e a m  in a m a g n e t i c  f i e ld  [5, 6]. 
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At the  i n i t i a l  m o m e n t  the  s t r o n g  shock  wave  f ron t  has  high conduc t iv i ty ,  the  e x t e r n a l  f i e ld  does  not 
p e n e t r a t e  i n s ide  the  wave ,  and the  b o u n d a r y  cond i t ion  (1.4) i s  s a t i s f i e d  at  the  shock  wave  s u r f a c e  i t s e l f .  
In the  c o u r s e  of t i m e  the  f ron t  t e m p e r a t u r e  d e c r e a s e s ,  and the  s u r f a c e  at  which  (1.4) is  s a t i s f i e d  l ags  b e -  
hind the  f r o n t  and s lows  down r a p i d l y .  

In th i s  connec t ion ,  l e t  us e x a m i n e  the  fo l lowing  m o d e l  p r o b l e m :  an i d e a l l y  conduc t ing  s p h e r e  e x -  
pands  l i n e a r l y  in an e x t e r n a l  m a g n e t i c  f i e ld  up to  the  m o m e n t  to; then  f o r  t > t o the  s p h e r e  s t o p s .  In th i s  
c a s e  the  f i e ld  d i s t r i b u t i o n  g iven  by  (2.11) can be  t a k e n  as  i n i t i a l  d i s t r i b u t i o n  fo r  t = t  0. Le t  us  e x a m i n e  the  
r e l a x a t i o n a l  p r o c e s s  of f i e l d  a p p r o a c h  to the  s t a t i c  v a l u e .  

In p l a c e  of the  func t ions  Hr ,  H~,  E ~ ,  we i n t r o d u c e  the  funct ion  u( r ,  t ) ,  u s ing  the  f o r m u l a s  

2u t 0 (ru) i Ou 
H r (r, t ) = - ~ - ,  H ~ =  r Or "' E~= c at (3.1) 

s a t i s f y i n g  the  equa t ion  

O~u 2 0 u  2u t O~u 
Or z -}- r Or - -  r ~ - - c  ~ Ot ~ (3.2) 

t he  b o u n d a r y  cond i t ion  

and the  i n i t i a l  cond i t ion  

u (ao, t) = 0 (3.3) 

t rHo" ao- -  Dr s 

As t ~  0% we can se t  in (3.2) D2u/Dt2=0, and in t h i s  l i m i t i n g  c a s e  we ob ta in  

U (r, cr I/srH 0 (t ~ ao a / r  3) 

We c o n v e r t  in (3.2) f r o m  the  v a r i a b l e s  r ,  t to  the  v a r i a b l e s  p, T, us ing  the  f o r m u l a s  

p~--- r / a o ,  T =  a0 - l [ c ( t -  to ) - -  ( r - -  ao) ] 

Then  the  equa t ion ,  b o u n d a r y  and i n i t i a l  c ond i t i ons  t a k e  the  f o r m  

O~u a~u 2 Ou 2 0 u  2u: 
op--~- 2 a-~ + -; ~ - - ; ~ - - 7  =0 

u(p, oo ) ~ l /~  pao[-:To ( l - -  p -a  ) 

Thi s  p r o b l e m  i s  so lved  by  the  L a p l a c e  t r a n s f o r m a t i o n  with r e s p e c t  to the  v a r i a b l e  ~-. 
t e d i o u s  c a l c u l a t i o n s ,  we w r i t e  the  so lu t ion  

(3.4) 

(3.5) 

(3.6) 

(3.7) 

Omi t t i ng  the  

p a o H o  r ,1 
u (p, ~) = - - V -  ~l - 7- [2F (~) ~ + I - -  ~ ] + ~Fp~(~) , }  (3.  S) 

R e t u r n i n g  in (3.8) to r and t ,  we ob ta in  

u (r' t ) = f - ~ 2 -  { l - -  [ 2F (~)exp - c  (t - t ~  + + 1  

7 a~ exp - - c ( t - - t ~ + ( r - - a o ) }  (3.9) 
- -  exp a0 J 7 + 6~F (~) 

Th i s  r e l a t i o n  t o g e t h e r  with (3.1) y i e l d s  the  so lu t ion  of the  p r o b l e m  of the  f i e ld  r e l a x a t i o n  p r o c e s s  as  
the  s p h e r e  s t o p s .  We s e e  f r o m  (3.9) and (3.1) tha t  the  f i e l d s  a p p r o a c h  the  s t a t i c  r e g i m e  (the e l e c t r i c  f i e ld  
a p p r o a c h e s  ze ro )  e x p o n e n t i a l l y ,  wi thout  o s c i l l a t i o n s .  We can  s e e  f r o m  s i m p l e  p h y s i c a l  c o n s i d e r a t i o n s  tha t  
t h i s  i s  a c o n s e q u e n c e  of the  h o m o g e n e i t y  of the  e x t e r n a l  f i e ld ,  when du r ing  e x p a n s i o n  of the  s p h e r e  s u r f a c e  
c u r r e n t s  a r e  induced  at i t s  s u r f a c e  which  a r e  d i s t r i b u t e d  s y m m e t r i c a l l y  r e l a t i v e  to the  d i a m e t r a l  p lane  
p e r p e n d i c u l a r  to  the  m a g n e t i c  f i e ld ,  and as  a c o n s e q u e n c e  of th i s  s y m m e t r y  t r a n s f e r  of e n e r g y  f r o m  one 
po le  to  the  o t h e r  i s  not  p o s s i b l e .  In a nonu n i fo rm  f i e ld  the  c u r r e n t  d i s t r i b u t i o n  s y m m e t r y  is  d i s r u p t e d  and 
at  the  m o m e n t  of s topp ing  an e f f ec t i ve  r i n g  c u r r e n t  f lows on one of the  h e m i s p h e r e s ,  which induces  on the  
o t h e r  h e m i s p h e r e  an e f f ec t ive  c u r r e n t ,  which in t u r n  induces  a c u r r e n t  on the  f i r s t  h e m i s p h e r e ,  and so on, 
as  a r e s u l t  of which  o s c i l l a t i o n s  d e v e l o p .  
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